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INTEGRAL TATE MODULES AND SPLITTING OF
PRIMES IN TORSION FIELDS OF ELLIPTIC CURVES
TOMMASO GIORGIO CENTELEGHE
Abstract. Let E be an elliptic curve over a finite field k, and ℓ a prime
number different from the characteristic of k. In this paper we consider
the problem of finding the structure of the Tate module Tℓ(E) as an
integral Galois representations of k. We indicate an explicit procedure
to solve this problem starting from the characteristic polynomial fE(x)
and the j-invariant jE of E. Hilbert Class Polynomials of imaginary
quadratic orders play here an important role. We give a global appli-
cation to the study of prime-splitting in torsion fields of elliptic curves
over number fields.
1. Introduction
Let k be a finite field of characteristic p and cardinality q, k¯ a fixed
algebraic closure of k, and Gk the corresponding absolute Galois group. Let
E be an elliptic curve over k, πE : E → E the Frobenius isogeny relative
to k, and aE the “error term” q + 1 − |E(k)|. For a prime ℓ 6= p, it is
well known that the isogeny invariant of E given by the rational ℓ-adic Tate
module Vℓ(E) = Tℓ(E) ⊗Zℓ Qℓ is a semi-simple Galois representation of k.
Thus its isomorphism class is determined by the characteristic polynomial
fE(x) = x
2 − aEx+ q
of the arithmetic Frobenius Frobk ∈ Gk, which also uniquely identifies the
k-isogeny class of E (see [12], The´ore`me 1). On the other hand, the integral
representation given by Tℓ(E) is not an isogeny invariant, and finding its
Galois structure requires, in general, a refinement of the information carried
by fE(x) alone.
In [2], Duke and To´th study the problem of finding Tℓ(E) from a slightly
different perspective. Their main result roughly says that in order to deter-
mine Tℓ(E) in the crucial case where Endk(E)⊗Q is an imaginary quadratic
field, it suffices to know fE(x) and the order Endk(E). More precisely, out
of fE(x) and the index
bE = [Endk(E) : Z[πE ]] ∈ Z>0 ∪ {∞},
they construct an explicit two-by-two matrix with integral entries that gives
the action of Frobk on Tℓ(E) in a suitable Zℓ-basis, for any ℓ 6= p.
In this paper we go one step further and explain how, in almost all cases,
the index bE can be recovered from the j-invariant jE of E and from fE(x)
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using a procedure involving a family of polynomials {PD(x)}D∈Z≤0 associ-
ated to singular moduli of elliptic curves (see (1)). Furthermore, we offer
an alternative proof of the result of Duke and To´th which avoids Deuring’s
Lifting Lemma. Instead, it relies on the observation that, when bE is finite,
Tℓ(E) is free of rank one over Endk(E) ⊗ Zℓ (see § 2). This freeness is a
special instance of a more general fact on abelian varieties with complex
multiplication by a Gorenstein ring (see [8], Remark in § 4). For this rea-
son, the variant we give is suitable for generalizations of [2] to the higher
dimensional setting of abelian varieties of GL2-type.
Lastly, we remark that the method we use to find bE from fE(x) and
jE has been known for long time when E is ordinary as a consequence of
Deuring’s Lifting Lemma. However, the observation that it remains valid
in the supersingular case depends on the nature of the ring Endk(E) when
E does not have all of its endomorphisms defined over k, and may contain
some novelty (see § 2).
Before stating the main result of this paper we need some definitions and
another piece of notation.
Definition 1. We say that the elliptic curve E over k is special if p ≡ 3
(mod 4), the degree [k : Fp] is odd, aE = 0, and jE = 1728 ∈ k.
Let D ∈ Z be a negative discriminant, i.e., D < 0 and D ≡ 0 or 1
(mod 4), and denote by OD the imaginary quadratic order of discriminant
D, viewed inside the field C of complex numbers. Let
(1) PD(x) =
∏
OD⊂End(C/a)
(x− jC/a)
be the separable, monic polynomial in C[x] whose roots are all the j-
invariants of complex elliptic curves C/a whose endomorphism rings contain
the order OD. For any given D these values of j are algebraic integers which
are permuted by the absolute Galois group of Q, and so PD(x) ∈ Z[x] (see
[3], § 11). Moreover two such j-invariants jC/a and jC/a′ lie in the same
GQ-orbit if and only if EndC(C/a) = EndC(C/a
′). The irreducible factors
of PD(x) are usually called Hilbert Class Polynomials of the corresponding
imaginary quadratic orders.
Extend the definition of PD(x) to all D ≤ 0 by setting P0(x) = 0 and
PD(x) = 1 for all negative D with D ≡ 2 or 3 (mod 4). Denote by ∆E the
discriminant a2E − 4q of fE(x), and by g¯(x) ∈ Fp[x] the reduction modulo p
of any given polynomial g(x) ∈ Z[x]. Our main result says:
Theorem 2. Let E be an elliptic curve over k. Define
βE = sup
h>0
{h : h2|∆E and P¯∆E/h2(jE) = 0},
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and
σE =




aEβE −∆E
2βE
∆E(β
2
E −∆E)
4β3E
βE
aEβE +∆E
2βE

 if ∆E < 0,
(
aE/2 0
0 aE/2
)
if ∆E = 0.
The matrix σE has integral entries and, for any prime ℓ 6= p, describes the
action of Frobk on Tℓ(E), with respect to a suitable Zℓ-basis, provided that
ℓ be odd if E is special. Furthermore, bE = βE if E is not special, and
bE = βE/2 or βE otherwise.
If E is special and ℓ = 2 then bE is either p
m or 2pm, where [k : Fp] =
2m+1. For completeness, the two corresponding possibilities for the action
of Frobk on T2(E) are given in § 3. Together with Panagiotis Tsaknias we
implemented a Magma package which computes σE from E (see [1]).
An immediate consequence of the theorem is that if N is a positive integer
not divisible by p then σE (mod N) describes the action of Frobk on the N -
th torsion subgroup E[N ](k¯) of E. Compared to [2], Theorem 2 has the
extra feature of indicating a way to construct σE from the basic invariants
fE(x) and jE .
From Theorem 2 we deduce the following global application. Let K be
a number field, and E an elliptic curve over K with j-invariant jE . If p is
a finite prime of K with residue field kp at which E has good reduction Ep,
denote by ap the error term |kp|+ 1− |Ep(kp)|, and by ∆p the discriminant
a2p − 4|kp| of the characteristic polynomial fEp(x) of Ep. If N is a positive
integer, let K(E [N ])/K be the extension of K obtained by “joining the
coordinates” of the N -torsion points of E (see § 4 for more details).
Theorem 3. Let N be a positive integer, and p a finite prime of K not
dividing N and at which E has good reduction. If N = 2, assume furthermore
that Ep is not special. The prime p splits completely in K(E [N ])/K if and
only if the following conditions hold:
(1) N2|∆p and P∆p/N2(jE ) ≡ 0 (mod p);
(2) ap ≡ 2 + ∆pN (mod N∗);
where N∗ = N if N is odd and N∗ = 2N if N is even.
Theorem 3 gives an idea of how a reciprocity law in a non-abelian con-
text may appear. It emphasizes the role that the family of polynomials
{PD(x)}D≤0 play in the study of prime-splitting in torsion field of ellip-
tic curves over number fields. More generally, Theorem 2 can be used to
describe the conjugacy class of ρE[N ](Frobp) in Aut(E [N ]) ≃ GL2(Z/NZ),
where Frobp is a Frobenius element at p.
The paper is structured as follows: in § 2 we explain how to compute
bE from fE(x) and jE , in § 3 we give a proof of the main result, and § 4
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contains the details of the global application given by Theorem 3. We will
retain throughout the notation established so far.
2. The Index bE
In this section we describe a method for finding the index bE from fE(x)
and jE using the family of polynomials PD(x). The proof differs in the
ordinary and supersingular cases, even though the statement is uniform (see
Proposition 5).
We clarify our terminology on complex multiplication of elliptic curves,
which follows [4]. If κ¯ is an algebraic closure of a field κ then we say that an
elliptic curve A over κ has complex multiplication by an imaginary quadratic
order O (abbreviated CM by O) if there exists an injection
ι : O −֒→ Endκ¯(A×κ κ¯)
which is maximal, in the sense that it cannot be extended to a strictly larger
imaginary quadratic order O′ ) O.
We observe that an elliptic curve E over a finite field k has CM by
Endk(E) when this ring is an imaginary quadratic order. The reason is
that if k′/k is any field extension, then the natural inclusion
(2) Endk(E) −֒→ Endk′(E ×k k′)
has torsion free cokernel (see [8], § 4). Furthermore, if E is ordinary then
Endk(E) is an imaginary quadratic order and the map (2) is an isomorphism
for all k′/k. Hence any ordinary E has CM only by Endk(E).
Proposition 4. Let D be a negative discriminant. The j-invariant jE of
E is a root of the reduction of PD(x) modulo p if and only if E has CM by
an imaginary quadratic order O containing OD.
The proposition is well-known to experts, therefore we omit its proof.
We shall only say that the “only if” part follows from the properties of
good reduction of CM elliptic curves in characteristic zero (see [8], § 5), and
the “if” part is a consequence of Deuring’s Lifting Lemma (see [5], § 15.5
Theorem 14).
Consider now the quantity
βE = sup
h>0
{h : h2|∆E and P¯∆E/h2(jE) = 0}
introduced in Theorem 2. The main proposition of the section is:
Proposition 5. If E is not special then bE = βE. If E is special, then
βE = 2p
m and bE = βE or βE/2, where [k : Fp] = 2m+ 1.
Proof. We shall distinguish three cases
(1) E is ordinary;
(2) E is supersingular and Endk(E)⊗Q is an imaginary quadratic field;
(3) E is supersingular and Endk(E)⊗Q is the definite quaternion algebra
over Q of discriminant p.
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Case (2) is the only case where E acquires new endomorphisms over a suit-
able (typically quadratic) finite extension k′ of k, and we will refer to it as
the unstable supersingular case. Case (3) occurs if and only if bE is infinite
or, equivalently, ∆E = 0; in this situation the proposition is trivial and we
will continue assuming bE finite.
The Frobenius isogeny πE generates a subring of Endk(E) of discriminant
∆E and gives rise to an inclusion
ι : O∆E −֒→ Endk(E).
Clearly bE is the largest h > 0 such that two conditions hold:
• there exists a quadratic order O ⊃ O∆E with [O : O∆E ] = h;
• ι extends to an inclusion ι′ : O →֒ Endk(E).
Given this, case (1) follows immediately from Proposition 4, since an ordi-
nary elliptic curve E has complex multiplication only by Endk(E).
We are therefore left with the unstable supersingular case. We proceed
with a case-by-case computation of both bE and βE . The polynomials fE(x)
arising in case (2) are characterized by the conditions ∆E < 0 and p does
not split completely in Q(
√
∆E) (see [13], § 4.1 or [12], The´ore`me 1). All
possibilities are listed in the following table, where r = [k : Fp].
Table 1. Unstable supersingular Weil polynomials over k.
fE(x) p r ∆E bE
x2 + p2m+1 - 2m+ 1 −4p2m+1 pm or 2pm
x2 + p2m 6≡ 1mod 4 2m −4p2m pm
x2 ± pmx+ p2m 6≡ 1mod 3 2m −3p2m pm
x2 ± pm+1x+ p2m+1 2 or 3 2m+ 1 −(4− p)p2m+1 pm
The values of the index bE appearing in the last column of the table
are readily computed from the corresponding ∆E, taking into account that
Endk(E) is maximal locally at p (see [13], Theorem 4.2). The point is
that, except for the case where p ≡ 3 (mod 4), r = 2m + 1 is odd, and
fE(x) = x
2 + p2m+1, the order Z[πE ] is maximal at every prime ℓ 6= p,
and thus Endk(E) is the maximal order, from which the equality bE = p
m
follows.
On the other hand, if p ≡ 3 (mod 4) and fE(x) = x2 + p2m+1, then bE
is either 2pm or pm, according to whether Endk(E) is maximal or sits in
the maximal order with index 2, respectively. Since both cases do arise for
suitable E ([13], Theorem 4.2), bE is not constant on the k-isogeny class
defined by fE(x) and cannot be determined from fE(x) alone.
We now turn to the study of βE . Since E has Complex Multiplication by
Endk(E), Proposition 4 implies that
βE ≥ bE .
Moreover, if Endk(E) is the maximal order, then βE cannot be larger than
bE (for ∆E/h
2 is not a discriminant if h > bE), and βE = bE follows. We are
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therefore left with showing that βE = bE when Endk(E) is not maximal and
E is not special. Notice that in this case Endk(E) has discriminant −4p,
and p ≡ 3 (mod 4). By Proposition 4, it is enough to show that:
Lemma 6. Let p ≡ 3 (mod 4), assume that r = 2m+1 is odd, and let E be
an elliptic curve over k with fE(x) = x
2 + p2m+1. If jE 6= 1728, then E has
CM by O−p or O−4p but not by both these rings. In the first case bE = 2pm,
in the second one bE = p
m.
Proof. Choose a square root
√−p of −p inside the imaginary quadratic field
O−p⊗Q, and identify Z[πE] with an order of O−p⊗Q via the map sending
πE to
√−p2m+1. By the maximality of Endk(E) at p already mentioned, the
inclusion Z[πE ] ⊂ Endk(E) extends to an embedding τ : O−4p →֒ Endk(E),
sending
√−p2m+1 to πE . If τ further extends to an embedding of the max-
imal order O−p, then bE = 2pm and E has CM by O−p, otherwise bE = pm
and E has CM by O−4p.
To prove the lemma, we need to show that if jE 6= 1728 then it is not
possible to find two inclusions
ι1 : O−p −֒→ Endk¯(E ×k k¯) and ι2 : O−4p −֒→ Endk¯(E ×k k¯)
which are both maximal, in the sense of the definition of complex mul-
tiplication given at the beginning of the section. Since 1728 is the only
supersingular invariant when p = 3, we may and will continue the proof
assuming p > 3.
We will argue in two steps: first we show that the existence of a maximal
embedding
ι : O −֒→ Endk¯(E ×k k¯),
where O = O−p or O−4p, ensures the existence of a k-form Eθ of E which is
k-isogenous to E and for which Endk(Eθ) ≃ O. Next, using that jE 6= 1728,
we show that the ring of k-endomorphisms of any k-form of E is isomorphic
to Endk(E).
Before carrying out this plan, we make a digression on the study k-forms
of E (see [10] for more details). The absolute Galois group Gk acts in a
natural way on the left of the group Autk¯(E ×k k¯). A 1-cocycle θ of this
action defines an elliptic curve Eθ over k and an isomorphism
ϕθ : Eθ ×k k¯ ∼−→ E ×k k¯
such that, if σ ∈ Gk is the arithmetic Frobenius of k, the isogeny πEθ
corresponds to θ(σ)πE under the identification
Endk¯(Eθ ×k k¯) ≃ Endk¯(E ×k k¯)
induced by ϕθ. In particular, extension of scalars identifies Endk(Eθ) with
the subring of Endk¯(E ×k k¯) given by the centralizer of θ(σ)πE. This con-
struction induces a bijection
H1(Gk,Autk¯(E ×k k¯)) ∼−→ {k-forms of E}/∼.
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Since π2E = −p2m+1, the curve E acquires all of its geometric endomor-
phisms over the degree 2 extension of k inside k¯, therefore the Galois action
of Gk on Endk¯(E×k k¯), which is non-trivial, becomes trivial when restricted
to its index 2 subgroup. The group Autk¯(E ×k k¯) is cyclic of order 2, 4, or
6, because p > 3. It follows that σ ∈ Gk acts on Autk¯(E ×k k¯) by inversion,
and it is easy to see that evaluation of cocycles at σ induces an isomorphism
H1(Gk,Autk¯(E ×k k¯)) ∼−→ Autk¯(E ×k k¯)/Autk¯(E ×k k¯)2,
in particular H1(Gk,Autk¯(E ×k k¯)) has order two.
Let now O be either O−p or O−4p and let ι : O →֒ Endk¯(E ×k k¯) be a
maximal embedding. The unique ideal Ip of Endk¯(E ×k k¯) of reduced norm
p is principal and generated by ι(
√−p). Since the reduced norm of πE is
p2m+1, there exists a unit u ∈ Autk¯(E ×k k¯) such that
ι(
√−p2m+1) = uπE.
If θ is the 1-cocycle of Gk valued in Autk¯(E ×k k¯) satisfying θ(σ) = u, the
construction described above leads to a k-form Eθ of E and an isomorphism
ϕθ : Eθ ×k k¯ ∼−→ E ×k k¯ such that πEθ corresponds to uπE and the ring
Endk(Eθ) corresponds to ι(O), the centralizer of uπE in Endk¯(E ×k k¯).
Therefore
Endk(Eθ) ≃ O,
and the first step of our program is complete.
To prove the second step, observe that the assumption jE 6= 1728 is
equivalent to require that −1 ∈ Autk¯(E ×k k¯) not be a square. Therefore
the 1-cocycle sending σ to −1 on the one hand describes the only non-trivial
k-form of E, on the other hand it defines an elliptic curve over k whose
ring of k-endomorphisms is isomorphic to Endk(E), since the centralizer of
−πE is the same as that of πE . We conclude that if jE 6= 1728 the two
non-isomorphic k-forms of E have isomorphic k-endomorphism rings. This
completes the proof of the lemma. 
To complete the proof of Proposition 5 we are only left with showing that
if E is special then βE = 2p
m. Equivalently, we need to show that any
special E has CM by O−p. This was observed by Elkies in [4], where he
considered the elliptic curve over Fp given by y
2 = x3 − x. 
We make the final remark that if E is special, then the value of bE cannot
be determined from the sole knowledge of fE(x) and jE . One can show that
bE = 2p
m if the two-torsion E[2] of E is all defined over k, and bE = p
m
otherwise, where [k : Fp] = 2m+ 1.
3. Proof of Theorem 2
After explaining in § 2 how to find the index bE from fE(x) and jE , we
are now ready to prove the main theorem of the paper.
We begin by pointing out the basic fact that the action of Frobk on Tℓ(E)
is the same as that induced by πE via functoriality of Tℓ. Next, we observe
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that the theorem is trivial if E is supersingular with all of its geometric
endomorphisms defined over k. In fact in this case ∆E = 0 and πE is equal
to multiplication by the integer aE/2.
We continue assuming ∆E < 0, i.e., bE finite, and prove a lemma on the
natural action of Endk(E)⊗ Zℓ on Tℓ(E).
Lemma 7. Assume that the index bE is finite. For any prime ℓ 6= p, the
Tate module Tℓ(E) of E is free of rank one over Endk(E)⊗ Zℓ.
Proof. Functoriality of Tℓ induces an isomorphism
(3) rℓ : Endk(E)⊗ Zℓ ∼−→ EndZℓ[Gk](Tℓ(E)).
This follows, for example, from a celebrated theorem of Tate on abelian
varieties over finite fields (see [11]).1
The ring Endk(E) ⊗ Zℓ is a free Zℓ-module of rank two, and admits a
Zℓ-basis of the form (1, π
′), for some π′ ∈ Endk(E) ⊗ Zℓ. Since rℓ is an
isomorphism, (1, rℓ(π
′)) is a Zℓ-basis of EndZℓ[Gk](Tℓ(A)). We deduce that
for any s ∈ Zℓ the element
rℓ(π
′)− s · 1
is not divisible by ℓ in EndZℓ[Gk](Tℓ(E)). Equivalently, the reduction mod-
ulo ℓ of rℓ(π
′) is an endomorphism of Tℓ(E)/ℓTℓ(E) which is not given
by multiplication by a scalar in Z/ℓZ. This is to say that there exists
t ∈ Tℓ(E)− ℓTℓ(E) such that
rℓ(π
′) · t 6∈ Zℓ · t+ ℓTℓ(E).
By Nakayama’s Lemma we have that the pair (t, rℓ(π
′) · t) is a Zℓ-basis
Tℓ(E), since the mod ℓ reductions of its components generate Tℓ(E)/ℓTℓ(E).
It follows that
(4) Endk(E)⊗ Zℓ ∋ a 7−→ rℓ(a) · t ∈ Tℓ(E)
is an isomorphism of Endk(E)⊗Zℓ-modules, which shows that Tℓ(E) is free
of rank one over Endk(E)⊗ Zℓ. 
Let
√
∆E ∈ Endk(E) be the square root of ∆E given by 2πE − aE . It is
elementary to check that
π′E = (∆E + bE
√
∆E)/2b
2
E
belongs to Endk(E) and the pair BZ = (1, π′E) is a Z-basis of Endk(E).
Furthermore, multiplication by πE on Endk(E) is given in the coordinates
induced by BZ by the matrix
1The injectivity of rℓ follows from a general fact on abelian varieties (see [6], § 19,
Theorem 3). Its surjectivity is easy and can be proved directly without invoking Tate’s
theorem.
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σ′E =


aEbE −∆E
2bE
∆E(b
2
E −∆E)
4b3E
bE
aEbE +∆E
2bE

 .
The same matrix a fortiori describes multiplication by πE⊗1 on Endk(E)⊗
Zℓ, with respect to the Zℓ-basis deduced from BZ. Since, by Lemma 7, Tℓ(E)
is free of rank one over Endk(E) ⊗ Zℓ, we conclude that σ′E describes the
multiplication action of πE on Tℓ(E) as well, in the Zℓ-coordinates of a suit-
able basis. This completes the proof of Theorem 2 when E is not special, for
σ′E = σE by Proposition 5, and also gives an alternative proof of the main
result of [2].
If E is special then bE = p
m or 2pm where [k : Fp] = 2m + 1 (see
Proposition 5), and the matrix σ′E is given by
(5)
m1 =
(
2pm+1 −pm+1(4p + 1)
pm −2pm+1
)
or m2 =
(
pm+1 −pm+1(p + 1)/2
2pm −pm+1
)
,
respectively. Moreover, βE = 2p
m and hence σE = m2. The matrix equality(
1 p
0 2
)
m1
(
1 p
0 2
)−1
= m2
shows that m1 and m2 define the same GL2(Zℓ)-conjugacy class for any odd
prime ℓ. This suffices to complete the proof of Theorem 2.
4. A Global Application
LetK be a number field, K¯ an algebraic closure of it, and GK the absolute
Galois group Gal(K¯/K) of K. If p is a finite prime of K, denote by kp
its residue field, by p its residual characteristic, by Kp the corresponding
completion of K, and by GKp the decomposition group of GK at p with
respect to the choice of a prime p¯ of K¯ lying above p. Denote moreover by
k¯p the algebraic closure of kp given by the residue field of p¯, and by Gkp the
Galois group Gal(k¯p/kp).
Let E be an elliptic curve over K with j-invariant jE . If p is a finite
prime of K at which E has good reduction Ep, denote by ap the error term
|kp|+1− |Ep(kp)|, and by ∆p the discriminant a2p − 4|kp|. If N is an integer
≥ 1, the N -th torsion subgroup E [N ] is a finite group scheme over K of
rank N2 whose group of L-valued points, for any K-algebra L, is given by
E [N ](L) = Hom(Z/NZ, E(L)). We will identify E [N ] with E [N ](K¯), an
abelian group isomorphic to (Z/NZ)2 equipped with a continuous action of
GK . By Galois Theory, the kernel of the representation
ρE[N ] : GK −→ Aut(E [N ]) ≃ GL2(Z/NZ)
defines a Galois extension K(E [N ])/K, known as the N -th torsion field of
E , with Galois group isomorphic to Im(ρE[N ]). As is well known, ρE[N ] is
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unramified at every finite prime p of K not dividing N and at which E has
good reduction. More precisely, for any N not divisible by p, the reduction
map induces an identification
(6) E [N ](K¯) = Ep[N ](k¯p)
which is equivariant with respect to the Galois actions of GKp and Gkp (see
[8], Lemma 2). Theorem 2 can then be applied to describe the conjugacy
class of
ρE[N ](Frobp)
in GL2(Z/NZ) in terms of the trace ap, the size of kp, and the j-invariant
jEp , provided that N satisfies the usual constraint of being odd if p is one
of the finitely many primes of K such that Ep is special. Notice that our
local method will not say anything about the Im(ρE[N ])-conjugacy class of
ρE[N ](Frobp). However, if E has no complex multiplication then a celebrated
result of Serre says that Im(ρE[N ]) = Aut(E [N ]) for all N relatively prime
to some positive constant NE (see [7]).
In Theorem 3, we only made explicit the necessary and sufficient condition
for ρE[N ](Frobp) to act as the identity on E [N ] or, equivalently, for p to split
completely in the N -th torsion field of E .
proof of Theorem 3. The theorem is trivial if ∆p = 0, therefore we continue
assuming ∆p < 0 and first treat the case where Ep is not special. The integral
matrix associated to Ep by Theorem 2 is
σp =


apβp −∆p
2βp
∆p(β
2
p −∆p)
4β3p
βp
apβp +∆p
2βp

 ,
where βp is equal to
sup
h>0
{h : h2 | ∆p and P∆p/h2(jE ) ≡ 0 (mod p)},
which is an integer since ∆p 6= 0. Moreover, the ratio ∆p/β2p is necessarily
a negative discriminant, since PD(x) is defined as the constant polynomial
1 for all negative integers D ≡ 2 or 3 (mod 4).
By Theorem 2, if N is an integer not divisible by p, the prime p splits
completely in K(E [N ])/K if and only if
(7) σp ≡ Id2 (mod N),
where Id2 is the two-by-two identity matrix. Our task is verifying that (7)
is equivalent to have conditions (1) and (2) of Theorem 3 both satisfied.
We begin by observing that σp is a scalar matrix if and only if condition
(1) holds, which is to say
(8) σp is a scalar matrix ⇐⇒ N | bp.
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The “only if” direction of (8) is clear, and to see the “if” part it is enough
to observe that the upper right entry of σp is divisible by βp, since the ratio
∆p/β
2
p is a negative discriminant, and that the difference of the diagonal
entries
apβp −∆p
2βp
− apβp +∆p
2βp
= −∆p
βp
is also divisible by βp.
To complete the proof in the non-special case it suffices to observe the
elementary fact that if N divides βp then
apβp +∆p
2βp
≡ 1 (mod N) ⇐⇒ ap ≡ 2 + ∆p
βp
(mod N∗),
where N∗ = N if N is odd and N∗ = 2N otherwise.
Assume now that Ep is special, and let N be an integer > 2 and not
divisible by p. The Frobenius ρE[N ](Frobp) is described by one of the two
matrices in (5), where m is such that 2m + 1 = [kp : Fp]. However, both
these matrices are not congruent to the identity modulo N , hence p does
not split in K(E [N ])/K. On the other hand, condition (1) of the theorem
is not satisfied, since N2 does not divide ∆p = −4p2m+1, and the proof is
complete. 
Finally, notice that in the special case where N = ℓ is prime, Theorem 3
gives a criterion for deciding whether or not Frobp acts on E [ℓ] in a semi-
simple fashion in the critical case when ℓ|∆p, i.e., when such an action has
only one eigenvalue. This problem has been emphasized in [9].
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